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In this article we study the hydrostatic equilibrium configuration of neutron stars (NSs) and
strange stars (SSs), whose fluid pressure is computed from the equations of state p = ωρ5/3 and
p = 0.28(ρ− 4B), respectively, with ω and B being constants and ρ the energy density of the fluid.
We also study white dwarfs (WDs) equilibrium configurations. We start by deriving the hydrostatic
equilibrium equation for the f(R, T ) theory of gravity, with R and T standing for the Ricci scalar
and trace of the energy-momentum tensor, respectively. Such an equation is a generalization of the
one obtained from general relativity, and the latter can be retrieved for a certain limit of the theory.
For the f(R, T ) = R + 2λT functional form, with λ being a constant, we find that some physical
properties of the stars, such as pressure, energy density, mass and radius, are affected when λ is
changed. We show that for some particular values of the constant λ, some observed objects that are
not predicted by General Relativity theory of gravity can be attained. Moreover, since gravitational
fields are smaller for WDs than for NSs or SSs, the scale parameter λ used for WDs is small when
compared to the values used for NSs and SSs.
I. INTRODUCTION
Modified gravity theories have been con-
stantly proposed with the purpose of solving (or
evading) the ΛCDM cosmological model short-
comings (check [1] for instance).
It should be mentioned here that a gravity
theory must be tested also in the astrophysi-
cal level [2–5]. Strong gravitational fields found
in relativistic stars could discriminate standard
gravity from its generalizations. Observational
data on neutron stars (NSs), for instance, can
be used to investigate possible deviations from
General Relativity (GR) as probes for modified
gravity theories.
The modified theory to be investigated in this
article will be the f(R, T ) gravity [6]. Originally
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proposed as a generalization of the f(R) grav-
ity [7, 8], the f(R, T ) theories assume that the
gravitational part of the action still depends on
a generic function of the Ricci scalar R, but also
presents a generic dependence on T , the trace
of the energy-momentum tensor. Such a depen-
dence on T would come from the consideration
of quantum effects.
The recent discovery of massive (∼ 2M) pul-
sars [9, 10] is an important motivation to study
the hydrostatic equilibrium of NSs in alterna-
tive gravity, since apparently those massive ob-
jects cannot be predicted within GR formalism.
Still in the observational aspect, massive (super-
Chandrasekhar) white dwarfs (WDs) have also
been detected [11, 12], what puts, once again,
GR in check.
In this article, we will investigate the spheri-
cal equilibrium configuration of NSs, WDs and
strange stars (SSs) in f(R, T ) theory of grav-
ity. Here, it is worth mentioning that the SSs
are, indeed, likely to exist. In [13], it was pre-
sented a method for probing the existence of
such stars from the imminent detection of grav-
itational waves. Once such objects existence
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2is proved, the fundamental state of matter at
high densities will be understood as the strange
quark matter state.
It is also important to remark that GR effects
in WDs are non-negligible as it was recently in-
vestigated [14].
In this article, we will show the results ob-
tained for the hydrostatic equilibrium configu-
rations of NSs, SSs and WDs in f(R, T ) gravity
[15, 16].
II. THE f(R, T ) THEORY OF GRAVITY
Proposed by T. Harko et al., the f(R, T )
gravity [6] assumes the gravitational part of the
action depends on a generic function of R and
T , the Ricci scalar and the trace of the energy-
momentum tensor Tµν , respectively. By assum-
ing a matter lagrangian density Lm, the total
action reads
S =
1
16pi
∫
d4xf(R, T )
√−g +
∫
d4xLm
√−g.
(1)
In (1), f(R, T ) is the generic function of R and
T , and g is the determinant of the metric tensor
gµν .
By varying (1) with respect to the metric gµν ,
one obtains the following FEs:
fR(R, T )Rµν − 1
2
f(R, T )gµν
+(gµν−∇µ∇ν)fR(R, T ) = 8piTµν
−fT (R, T )Tµν − fT (R, T )Θµν , (2)
in which fR(R, T ) ≡ ∂f(R, T )/∂R, fT (R, T ) ≡
∂f(R, T )/∂T ,  ≡ ∂µ(√−ggµν∂ν)/√−g, Rµν
represents the Ricci tensor, ∇µ the covariant
derivative with respect to the symmetric con-
nection associated to gµν , Θµν ≡ gαβδTαβ/δgµν
and Tµν = gµνLm − 2∂Lm/∂gµν .
Taking into account the covariant divergence
of (2) yields
∇µTµν = fT (R, T )
8pi − fT (R, T ) [(Tµν + Θµν)×
∇µ ln fT (R, T ) +∇µΘµν − (1/2)gµν∇µT ].(3)
We will assume the energy-momentum tensor
of a perfect fluid, i.e., Tµν = (ρ+p)uµuν−pgµν ,
with ρ and p respectively representing the en-
ergy density and pressure of the fluid and uµ be-
ing the four-velocity tensor, which satisfies the
conditions uµu
µ = 1 and uµ∇νuµ = 0. We
have, then, Lm = −p and Θµν = −2Tµν −pgµν .
For the functional form of the f(R, T ) func-
tion above, note that originally suggested by T.
Harko et al. in [6], the form f(R, T ) = R+2λT ,
with λ being a constant, has been extensively
used to obtain f(R, T ) cosmological solutions
(check [17–19] and references therein). The
f(R, T ) gravity authors themselves have derived
in [6] a scale factor which describes an accel-
erated expansion from such an f(R, T ) form.
Here, we propose f(R, T ) = R + 2λT to derive
the f(R, T ) TOV equations.
The substitution of f(R, T ) = R + 2λT in
Eq.(2) yields [17, 18]
Gµν = 8piTµν + λTgµν + 2λ(Tµν + pgµν), (4)
for which Gµν is the usual Einstein tensor.
Equation (4) is essentially the Einstein’s equa-
tions of gravitation with additional terms pro-
portional to λ, which suggest that the parame-
ter λ should be small.
Moreover, when f(R, T ) = R + 2λT , Eq.(3)
reads
∇µTµν = − 2λ
8pi + 2λ
[
∇µ(pgµν) + 1
2
gµν∇µT
]
.
(5)
III. EQUATIONS OF STELLAR
STRUCTURE IN f(R, T ) GRAVITY
A. Hydrostatic equilibrium equation
In order to construct the f(R, T ) hydrostatic
equilibrium equation, we must, firstly, develop
the FEs (4) for a spherically symmetric metric,
such as
ds2 = eϑ(r)dt2 − e$(r)dr2 − r2(dθ2 + sin2 θdφ2).
(6)
3For (6), the non-null components of the Ein-
stein tensor read
G00 =
e−$
r2
(−1 + e$ +$′r), (7)
G11 =
e−$
r2
(−1 + e$ − ϑ′r), (8)
G22 =
e−$
4r
[2($′−ϑ′)−(2ϑ′′+ϑ′2−ϑ′$′)r], (9)
G33 = G
2
2, (10)
for which primes stand for derivations with re-
spect to r.
By substituting Eqs.(7)-(8) in (4) yields
e−$
r2
(−1 + e$ +$′r) = 8piρ+ λ(3ρ− p), (11)
e−$
r2
(−1 + e$−ϑ′r) = −8pip+λ(ρ−3p). (12)
As usually, we introduce the quantity m,
representing the gravitational mass within the
sphere of radius r, such that e−$ = 1 − 2m/r.
Replacing it in (11) yields
m′ = 4pir2ρ+
λ(3ρ− p)r2
2
. (13)
Moreover, from the equation for the non-
conservation of the energy-momentum tensor
(5), we obtain
p′ + (p+ ρ)
ϑ′
2
= − λ
8pi + 2λ
(p′ − ρ′). (14)
Note that in (4), (5), (11), (12), (13) and (14),
when λ = 0 the GR predictions are retrieved.
Replacing Eq.(12) in (14) yields a novel hy-
drostatic equilibrium equation:
p′ = −(p+ ρ)
[
4pipr + mr2 − λ(ρ−3p)r2
]
(
1− 2mr
) [
1 + λ8pi+2λ
(
1− dρdp
)] .
(15)
Note that by taking λ = 0 in Eq.(15) yields the
standard TOV equation [20, 21]. We observe
that the hydrostatic equilibrium configurations
are obtained only when λ8pi+2λ
(
1− dρdp
)
< 1. It
is important to mention that to derive Eq. (15),
we considered that the energy density depends
on the pressure (ρ = ρ(p)).
B. Boundary conditions
The integration of equations (13) and (15)
starts with the values in the center (r = 0):
m(0) = 0, ρ(0) = ρc, p(0) = pc. (16)
The surface of the star (r = R) is determined
when p(R) = 0. At the surface, the interior
solution connects softly with the Schwarzschild
vacuum solution. The potential metrics of the
interior and of the exterior line element are
linked by eϑ(R) = 1/e$(R) = 1 − 2M/R, with
M representing the stellar total mass.
C. Equations of state
The relation used to derive the TOV equa-
tions is known as EoS. Once defined the EoS,
the coupled differential equations (13) and (15)
can be solved for three unknown functions m,
p and ρ. Recall that these coupled differen-
tial equations are integrated from the center to-
wards the surface of the object.
To analyze the equilibrium configurations of
NSs and SSs in f(R, T ) theory of gravity, two
EoS frequently used in the literature will be con-
sidered: the polytropic and the MIT bag model
EoS.
Within the simplest choices, we find that the
polytropic EoS is one of the most used for the
study of compact stars. Following the work de-
veloped by R.F. Tooper [22], we consider that
p = ωρ5/3, with ω being a constant. We choose
the value of ω to be 1.475× 10−3 [fm3/MeV]2/3
as in [23, 24].
4To describe strange quark matter, the MIT
bag model will be considered. Such an EoS
describes a fluid composed by up, down and
strange quarks only [25]. It has been applied
to investigate the stellar structure of compact
stars, e.g., see [26, 27]. It is given by the
relation p = a (ρ − 4B). The constant a is
equal to 1/3 for massless strange quarks and
equal to 0.28 for massive strange quarks, with
ms = 250 [MeV] [28]. The parameter B is the
bag constant. In this work, we consider a = 0.28
and B = 60 [MeV/fm3].
The EoS which describes the fluid properties
inside WDs follows the model used for complete
ionized atoms embedded in a relativistic Fermi
gas of electrons [29, 30]:
p(kF ) =
1
3pi2~3
∫ kF
0
k4√
k2 +m2e
dk, (17)
ρ(kF ) =
1
pi2~3
∫ kF
0
√
k2 +m2ek
2dk
+
mNµe
3pi2~3
k3F , (18)
where the last term of the right hand side of
Eq. (18) is the ions energy contribution, and
mN represents the nucleon mass, me the elec-
tron mass, kF is the Fermi momentum, ~ is
the reduced Planck constant and µe = A/Z is
the ratio between the nucleon number A and
the atomic number Z for ions, such that in the
present work we use µe = 2, valid for He, Ca,
and O WDs. We neglected the lattice ion en-
ergy contribution that is small and responsible
for a small reduction of the WD radius [31].
D. Numerical Method
Once the EoS to be used are defined, the stel-
lar structure equations will be solved numeri-
cally together with the boundary conditions for
different values of ρc and λ, through the Runge-
Kutta 4th-order method.
IV. EQUILIBRIUM CONFIGURATIONS
OF NEUTRON STARS, STRANGE
STARS AND WHITE DWARFS
By developing the method above for the men-
tioned EoS with the quoted boundary condi-
tions we obtain the figures below. In Fig.1 we
show in the upper panel the mass × radius rela-
tion for NSs and in the lower panel the relation
for SSs. In Fig.2 the mass × radius relation for
WDs is depicted.
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Figure 1. The total mass M/M against the radius
of the star for neutron (upper panel) and strange
stars (lower panel), for five different values of λ.
The maximum mass points on the curves are indi-
cated by full circles.
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Figure 2. Total mass of the white dwarfs as a
function of the total radius for different values of
λ. The full magenta circles indicate the maximum
mass points.
V. DISCUSSION AND CONCLUSIONS
Fig.1 shows the behavior of the total mass,
normalized in solar masses, versus the radius of
the star, for different values of the parameter λ.
On the upper and on the lower panels of Fig.1
we show the results obtained for NSs and SSs,
respectively. The full circles mark the maxi-
mum mass points. We can see that when we
decrease the value of λ, the stars become larger
and more massive. Depending on the value con-
sidered for λ, we find that both the total mass
and the radius could increase between 5.834%
to 43.41% for NSs and 20.01% to 15.19% for
SSs.
From Figure 2, we note that the masses of
the WDs grow with the diminution of their to-
tal radii until attain the maximum mass point,
which is represented by full magenta circles. Af-
ter that, the masses decrease with the total
radii. It is important to remark that the to-
tal maximum mass grows with the decrement
of λ. We also mention that the curves above
tend to a plateau when λ is decreased, deter-
mining, in this way, a limit for the maximum
mass of the WD, which is ∼ 1.467M. For
smaller values of λ, λ ∼ −10−3, the WD stars
are not stable since its mass-radius relation does
not have any region respecting the stability cri-
terion ∂M/∂R < 0.
Since gravitational fields are smaller for WDs
than for NSs or SSs, the scale parameter λ used
for WDs is small when compared to the values
used for NSs and WDs, and also the values of λ
used for NSs are smaller than the ones used for
SSs, which indicates that the more compact the
star is more deviations of GR are needed and
the parameter λ may mimic a kind of chameleon
mechanism, where the parameter scale depends
on the density of the system [32].
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